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ON ONE APPROACH TO MODELING NUMERAL SYSTEMS
SYMON SERBENYUK
Abstract. In the present article, the operator approach to modeling numeral systems is intro-
duced. Certain examples of such numeral systems are considered. In addition, the pseudo-binary
representation is investigated.
1. Introduction
Let s > 1 be a fixed positive integer. It is well known that any number x ∈ [0, 1] can be
represented by the following form
∞∑
n=1
αn
sn
≡ ∆sα1α2...αn... = x,
where αn ∈ As ≡ {0, 1, . . . , s−1}. The last-mentione representation is called the s-adic representa-
tion of x. Also, any number x ∈
[
− s
s+1
, 1
s+1
]
can be represented by the nega-s-adic representation
x = ∆−sα1α2...αn... ≡
∞∑
n=1
αn
(−s)n
,
where αn ∈ As.
It is easy to see that the following relationship between the s-adic and nega-s-adic representations
holds:
∆−sα1α2...αn... +
∞∑
k=1
s− 1
s2k−1
≡
∞∑
k=1
α2k
s2k
+
∞∑
k=1
s− 1− α2k−1
s2k−1
≡ ∆s[s−1−α1]α2...[s−1−α2k−1]α2k.... (1)
Let NB be a fixed subset of positive integers, B = (bn) be a fixed increasing sequence of all
elements of NB, and
ρn =
{
1 if n ∈ NB
2 if n /∈ NB.
Let us consider the quasi-nega-s-adic representation described in [15]:
x = ∆(±s,NB)α1α2...αn... ≡
∞∑
n=1
(−1)ρnαn
sn
. (2)
Here αn ∈ As and x ∈ [a
′
0, a
′′
0 ], where a
′′
0 = 1 + a
′
0 and
a
′
0 = −
∞∑
n=1
s− 1
sbn
.
Note that the term “nega” is used in the present article since corresponding encodings of real
numbers are numeral systems with a negative base.
Theorem 1. Any number x ∈ [a
′
0, a
′′
0 ] can be represented in form (2).
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Note that the following relationship holds:
∆(±s,NB)α1α2...αn... +
∞∑
n=1
s− 1
sbn
≡ ∆s
α
′
1
α
′
2
...α
′
n...
= x ∈ [0, 1], (3)
where
α
′
n =
{
s− 1− αn if n ∈ NB
αn if n /∈ NB.
Also, we can write
∆(±s,NB)α1α2...αn... ≡ ∆
s
θ(α1)θ(α2)...θ(αn)...
−
∞∑
n=1
s− 1
sbn
,
where θ(αn) = α
′
n.
One can generalize this idea and model representations related with the s-adic representation
by certain number converters (converters of combinations of numbers). There exist numeral sys-
tems constructed by certain mixings points in known numeral systems. In the present article,
the operator approach to modeling numeral systems is introduced. It is shown that there exist
real number representations, that are modified s-adic representations in which relations between
digits in the old and new representations are defined by certain operators θ of changes of number
combinations. In other words, new encodings are obtained by certain changes of s-adic number
combinations by operators θ in the s-adic representations of numbers.
Let us consider the following operators (converters of k-digit combinations):
θk,i
(
αkm+1, αkm+2, . . . , α(m+1)k
)
=
(
βkm+1, βkm+2, . . . , β(m+1)k
)
,
where numbers k, i are fixed for an operator θk,i, m = 0, 1, . . . . Here θk,i(α1, α2, . . . , αk), where
αj ∈ As for j = 1, k, is a some function of k variables (it is the bijective correspondence) such
that the set
Aks = As × As × . . .× As︸ ︷︷ ︸
k
.
is its domain of definition and range of values. That is, each combination (α1, α2, . . . , αk) of k
s-adic digits is assigned to the single combination θk,i(α1, α2, . . . , αk) of k s-adic digits, i.e.,
(β1, β2, . . . , βk) = θk,i (α1, α2, . . . , αk) ,
(βk+1, βk+2, . . . , β2k) = θk,i (αk+1, αk+2, . . . , α2k) ,
. . . . . . . . . . . . . . . . . . . . .(
βkm+1, βkm+2, . . . , β(m+1)k
)
= θk,i
(
αkm+1, αkm+2, . . . , α(m+1)k
)
,
. . . . . . . . . . . . . . . . . . . . .
for m = 0, 1, . . . , some fixed numbers k ∈ N and i ∈ {0, 1, . . . , (sk)!− 1}, where N is the set of all
positive integers. Note that i = 0, (sk)!− 1 since the number of all operators (converters) θk,i for a
fixed number k is equal to the number of all permutations of elements from the set of all samples
ordered with reiterations of k numbers from As.
Let us consider certain examples of θk,i.
Example 1. Suppose that s = k = 2. Let us consider the operator θ2,i defined by the following
table
α2m+1α2(m+1) 00 01 10 11
β2m+1β2(m+1) 10 11 00 01
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Here m = 0, 1, . . . , β2m+1β2(m+1) = θ2,i(α2m+1, α2(m+1)), and i ∈ {0, 1, . . . , 23}.
For example, a number having a binary representation of the form ∆21110011001(11) (symbols in
parentheses mean the period in the representation of a number) will have the following represen-
tation in terms of a new modified representation:
∆2
′
0100110011(01) = θ2,i
(
∆21110011001(11)
)
.
That is,
fθ2,i : ∆
2
1110011001(11) → ∆
2
0100110011(01) .
Note that ∆2
′
β1β2...βn...
is a formal denotation of ∆2θ2,i(α1,α2)θ2,i(α3,α4)....
Example 2. Suppose that s = 7, k = 1, and βn = θ1,i(αn), where fixed i ∈ {0, 1, . . . , 7!− 1} and
αn 0 1 2 3 4 5 6
βn 3 5 6 4 0 2 1
It is easy to see that for an operator defined by the last-mentioned table and for all n, t ∈ N,
αn ∈ {0, 1, . . . , 6}, the condition
θ1,i ◦ θ1,i ◦ . . . ◦ θ1,i(αn)︸ ︷︷ ︸
12t
= αn
holds since the following system of conditions is true for this operator:

θ1,i ◦ θ1,i ◦ θ1,i(α)︸ ︷︷ ︸
3
= α whenever α ∈ {0, 3, 4}
θ1,i ◦ θ1,i ◦ θ1,i ◦ θ1,i(α)︸ ︷︷ ︸
4
= α whenever α ∈ {1, 2, 5, 6}.
For example,
fθ1,i : ∆
7
3455142(1) → ∆
7
′
4022506(5).
Remark 1. Assume that for any fixed numbers k ∈ N and 2 ≥ s ∈ N the operators θk,0 and
θk,(sk)!−1 are following:
θk,0
(
αkm+1, αkm+2, . . . , α(m+1)k
)
=
(
αkm+1, αkm+2, . . . , α(m+1)k
)
,
θk,(sk)!−1
(
αkm+1, αkm+2, . . . , α(m+1)k
)
=
(
s− 1− αkm+1, s− 1− αkm+2, . . . , s− 1− α(m+1)k
)
,
where m = 0, 1, 2, 3, . . . .
2. General definitions
Let s > 1 be a fixed positive integer and (kn) be a fixed sequence, where kn ∈ N. Let us consider
the following matrix of operators
Θs,(kn) =


θk1,0 θk1,1 . . . θk1,i . . . . . . θk1,(sk1)!−1
θk2,0 θk2,1 . . . θk2,i . . . . . . . . . θk2,(sk2 )!−1
...
...
. . .
... . . . . . . . . . . . . . . .
θkn,0 θkn,1 . . . θkn,i . . . θkn,(skn )!−1
. . . . . . . . . . . . . . . . . . . . . . . . . . .

 . (4)
Here i = 0, (skn)!− 1. Clearly, in this matrix a number of rows is equal to infinity and numbers
of elements in different rows can be different (finite numbers or infinity).
From matrix (4) we generate a sequence
(
θkn,ikn
)
of operators. So, we obtain a representation
∆
(s,(θkn,ikn ))
β1β2...βn...
related with the s-adic representation by the following rule:
∆
(s,(θkn,ikn ))
β1β2...βn...
≡ ∆sθk1,ik1 (α1,...,αk1)θk2,ik2 (αk1+1,...,αk1+k2 )...θkn,ikn (αk1+k2+···+kn−1+1,...,αk1+···+kn)...
. (5)
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Definition 1. A representation ∆
(s,(θkn,ikn ))
β1β2...βn...
whose relation with the s-adic representation is
described by equality (5), is called the pseudo-s-adic representation of numbers from [0, 1].
Remark 2. The approach described in the present article for modeling numeral systems can be
used for the case of the s-adic numeral system with a fractional base s > 1 (such representation
of real numbers was introduced in [7]) or for the case of the nega-s-adic numeral system with
a fractional base (−s) < −1 (this representation of real numbers is introduced in [5]). Also, the
approach can be applicated to numeral systems with a negative (integer or fractional) base and/or
with a variable alphabet (we have a variable alphabet for a certain representation ∆γ1γ2...γn..., where
γn ∈ An, when there exists a finite or infinite number of pairs l 6= m such that |Al| 6= |Am|). It is
easy to see that a basis of a numeral system with a variable alphabet is a sequence or a matrix.
In the next articles of the author of the present article, the approach will be used and investigated
for the cases of all these representations of real numbers.
Note that examples of representations with a variable alphabet are representations of re-
al numbers by positive ([3]) or alternating ([13]) Cantor series, the nega-Q˜- ([12]) or Q˜
′
NB
-
representation ([16]), etc.
Example 3. Suppose we have the representation of real numbers from [0, 1] by positive Cantor
series, i.e.,
x = ∆Qε1ε2...εn... ≡
∞∑
n=1
εn
q1q2 · · · qn
,
where Q = (qn) is a fixed sequence of positive integers, qn > 1 for all n ∈ N, and εn ∈
{0, 1, . . . , qn − 1}. In this case, matrix (4) is following:
ΘQ,(kn) =


θk1,0 θk1,1 . . . θk1,i . . . . . . θk1,q1q2···qk1−1
θk2,0 θk2,1 . . . θk2,i . . . . . . . . . θk2,qk1+1qk1+2···qk2−1
...
...
. . .
... . . . . . . . . . . . . . . .
θkn,0 θkn,1 . . . θkn,i . . . θkn,qkn−1+1···qkn−1
. . . . . . . . . . . . . . . . . . . . . . . . . . .

 .
Also, here θkn,0 is the identical operator and
θkn,qkn−1+1···qkn−1
(
εkn−1+1, εkn−1+2, . . . , εkn
)
=
(
qkn−1+1 − 1− εkn−1+1, . . . , qkn − 1− εkn
)
.
This article is an initial article in the series of papers of the author of the present article devoted
to the investigation of the operator approach for modeling, studying, and applying different new
numeral systems (positive and alternating expansions of real numbers with a finite, infinite, or
variable alphabet, etc.).
3. One example of the pseudo-ternary representation
Suppose s = 3 and kn = const = 1. Then there exist 6 = 3! operators θ1,i (see the following
table).
αn 0 1 2
θ1,0(αn) 0 1 2
θ1,1(αn) 0 2 1
θ1,2(αn) 1 0 2
θ1,3(αn) 1 2 0
θ1,4(αn) 2 0 1
θ1,5(αn) 2 1 0
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Let us consider the case of θ1,1. To simplify mathematical notations, let us denote θ1,1(αn) as
θ(αn). Let us investigate the pseudo-ternary representation (or the 3
′
-representation) generated
by the operator θ(αn), i.e.,
[0, 1] ∋ x = ∆
(3,θ)
β1β2...βn...
= ∆3
′
β1β2...βn...
≡ ∆3θ(α1)θ(α2)...θ(αn)... ≡
∞∑
n=1
θ(αn)
3n
. (6)
Note that
∆3α1α2..αn... ≡ ∆
3
′
θ(β1)θ(β2)...θ(βn)...
since θ (θ(αn)) = θ (βn) = αn holds for any n ∈ N. Also, one can represent the operator θ by the
Lagrange polynomial, i.e.,
θ(αn) =
7αn − 3α
2
n
2
.
However, in terms of the Lagrange polynomial
θ (θ(αn)) 6=
7αn − 3α
2
n
2
.
So we shall not use the Lagrange polynomial for representing such operators.
Notice that in the case of the s-adic representation there exists countable set of numbers having
two different s-adic representations. These numbers are numbers of the form
∆sα1α2...αn−1αn(0) = ∆
s
α1α2...αn−1[αn−1](s−1), αn 6= 0,
and are called s-adic rational. The other numbers in [0, 1] are called s-adic irrational.
Let us remark that in the case of the 3
′
-representation we obtain
∆3
′
α1α2...αn−1αn(0)
= ∆3
′
α1α2...αn−1[αn−1](2)
, αn 6= 0.
Similarly, these numbers are called 3
′
-rational and the other numbers having the unique 3
′
-
representation are called 3
′
-irrational.
Lemma 1. Any number x ∈ [0, 1] can be represented in form (6).
Every 3
′
-irrational number has the unique 3
′
-representation. Every 3
′
-rational number has two
different 3
′
-representations.
Proof. Let us consider the function y = f(x), where
y = f(x) = f
(
∆3α1α2...αn...
)
= ∆3θ(α1)θ(α2)...θ(αn).... (7)
The last-mentioned function and a class of functions containing this function were investigated
(see [14, 11]). This function is continuous at ternary-irrational points, and ternary-rational points
are points of discontinuity of the function. Also, the function is non-differentiable and nowhere
monotone.
Note also that our statement follows from properties of the function and the well-posedness of
the definition of this function. 
Remark 3 (On certain outgoing problems). Certain outcoming problems follow from the last
lemma. Let us consider these problems introducing in the present article.
In [7], the f -expansion of real numbers was considered:
x = f(ε1 + f(ε2 + f(ε3 + . . . ))) ≡ ∆
f
ε1ε2...εn...
,
where f is a fixed function having certain properties. Notice that it is proved that such function
is increasing. A number of researches devoted to different cases of the f -expansion (for example,
see [7, 10, 9], etc.).
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For example, if f(x) = x
β
, where β > 1, then
x =
∞∑
n=1
εn
βn
≡ ∆βε1ε2...εn....
The last-mentioned expansion of real numbers is called the β-expansion. This expansion is inves-
tigated by a number of researchers (for example, see [7, 4, 1]).
If f(x) = −x
β
, where (−β) < −1, then
x =
∞∑
n=1
εn
(−β)n
≡ ∆−βε1ε2...εn....
The last-mentioned expansion of real numbers is called the (−β)-expansion, was introduced in [5],
and is investigated by a number of researchers (for example, see [2, 6]).
Problem 1. Let us note that we can obtain our case of the pseudo-ternary representation by the
following way. Suppose that f(αn) =
θ(αn)
s
, where 1 < s ∈ N and θ = θ1,1. Then the obtained
f -expansion is following:
∆3θ(α1)θ(α2)...θ(αn)... = ∆
3
′
β1β2...βn...
.
Hypothesis. On can model the f -expansion such that all points except points from no more
countable set have the unique representation when f is is determined at any point and continuous
almostwhere (having jump discontinuities) on the domain. Also, f can be non-monotone or non-
differentiable.
In addition, a general technique representing the preudo-s-adic representation by the f -expansion
is unknown.
Let us note that we can write the pseudo-ternary representation in our case by the following
way:
∆3
′
β1β2...βn...
= ∆
f(x)
β1β2...βn...
= f
(
∆3α1α2...αn...
)
,
where x = ∆3α1α2...αn..., f is defined by equality (7), and
∆
f(x)
β1β2...βn...
= f
(
∆3θ(α1)θ(α2)...θ(αn)...
)
.
Problem 2. Let (fn) be a fixed sequence of certain functions. One can define the (fn)-expansion
of real numbers by the following way:
x = f1(ε1 + f2(ε2 + f3(ε3 + . . . ))) ≡ ∆
(fn)
ε1ε2...εn...
.
This representation is unknown. However, one can describe several examples of known represen-
tations, which can be represented by the (fn)-representation.
Example 4. If fn(x) =
x
qn
, where (qn) is a fixed sequence of positive integers and qn > 1 for any
n ∈ N, then we obtain the representation of real numbers by positive Cantor series [3].
Problem 3. Suppose that fn(x) =
x
qn
, where (qn) is a fixed sequence of numbers for which one
of the following conditions holds: qn > 1 or qn ≥ 2. Then we obtain the encoding of real numbers
by positive Cantor series (with a fractional base). Such positive and alternating expansions of
real numbers are unknown. Note that we can define such representations by the condition εn ∈
{0, 1, . . . , [qn]}, εn ∈ {0, 1, . . . , [qn − 1]}, or εn ∈ {0, 1, . . . , [qn]− 1}. Here [a] is the integer part of
a. The cases of these conditions are interesting for future investigations.
Note that it is easy to see that one can model the known the Qs-, Q
∗
s-, Q˜- and other represen-
tations by analogy with this case.
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Example 5 (Quasy-nega-representations). Let us have
f(x) =
x
β(−1)ρn+ρn−1
(here β > 1) and a fixed sequence (fn) of functions
fn(x) =
x
qn(−1)ρn−1+ρn
(here (qn) is a fixed sequence of positive integers such that qn > 1), where
ρn =
{
1 if n ∈ NB
2 if n /∈ NB,
NB is a fixed subset of positive integers, B = (bn) is a fixed increasing sequence of all elements
of NB, and ρ = 0. Then we get the following two quasy-nega-expansions with a fractional (in a
general case) base:
x =
∞∑
n=1
εn(−1)
ρn
βn
,
x =
∞∑
n=1
(−1)ρnεn
q1q2 · · · qn
.
Note that we can model the quasy-nega-Q˜-expansion by analogy.
Hypothesis 1. Properties of f and of (fn) that are sufficient for modeling the f - and (fn)-
representations coincide.
These problems and new representations of real numbers will be considered and investigated in
the next papers of the author of the present article.
Definition 2. A set of the form
∆3
′
c1c2...cn
≡
{
x : x = ∆3
′
c1c2...cnβn+1βn+2βn+3...
, βt ∈ {0, 1, 2}, t > n
}
,
where c1, c2, . . . , cn is an ordered tuple of integers such that cj ∈ {0, 1, 2} for j = 1, n, is called a
cylinder ∆3
′
c1c2...cn
of rank m with base c1c2 . . . cn.
Lemma 2. Cylinders ∆3
′
c1c2...cn
have the following properties:
(1) A cylinder ∆3
′
c1c2...cn
is a closed interval and
∆3
′
c1c2...cn
=
[
∆3
′
c1c2...cn(0)
,∆3
′
c1c2...cn(2)
]
.
(2) ∣∣∣∆3′c1c2...cn∣∣∣ = 13n .
(3)
∆3
′
c1c2...cnc
⊂ ∆3
′
c1c2...cn
.
(4)
∆3
′
c1c2...cn
=
2⋃
c=0
∆3
′
c1c2...cnc
.
(5) Cylinders ∆3
′
c1c2...cn
are left-to-right situated.
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Proof. Let us consider the map
f
(
∆3α1α2...αn...
)
= ∆3θ(α1)θ(α2)...θ(αn)....
It is known that a cylinder ∆3b1b2...bn... is a closed interval and f (see [11, 14]) is continuous at
ternary irrational points, and ternary rational points are points of discontinuity of this function.
Let us prove that conditions f(x0) ∈ f
(
∆3b1b2...bn
)
and f
(
∆3b1b2...bnb
)
⊂ f
(
∆3b1b2...bn
)
hold for any
x0 ∈ ∆
3
b1b2...bn
.
It is easy to see that
f(x0) = f
(
∆3b1b2...bnαn+1(x0)αn+2(x0)...
)
= ∆3θ(b1)θ(b2)...θ(bn)θ(αn+1)θ(αn+2)...
= ∆3
′
c1c2...cnβn+1βn+2...
∈ ∆3
′
c1c2...cn
.
(8)
Here θ(bj) = cj for all j = 1, n. Note that
f
(
inf ∆3b1b2...bn
)
= inf ∆3
′
c1c2...cn
= ∆3
′
c1c2...cn(0)
.
However,
f
(
sup∆3b1b2...bn
)
6= f
(
∆3b1b2...bn(1)
)
= sup∆3
′
c1c2...cn
= ∆3
′
c1c2...cn(2).
From relationship (8) and the following equalities
f
(
inf ∆3b1b2...bnb
)
= ∆3
′
c1c2...cnc(0)
∈ ∆3
′
c1c2...cnc
,
f
(
sup∆3b1b2...bnb
)
= ∆3
′
c1c2...cnc(1)
∈ ∆3
′
c1c2...cnc
,
where
f
(
inf ∆3b1b2...bnb
)
= inf ∆3
′
c1c2...cnc
and
f
(
sup∆3b1b2...bnb
)
< sup∆3
′
c1c2...cnc
,
it follows that
inf ∆3
′
c1c2...cnc
≥ inf ∆3
′
c1c2...cn
,
sup∆3
′
c1c2...cnc
≤ sup∆3
′
c1c2...cn
.
So,
∆3
′
c1c2...cnc
⊂ ∆3
′
c1c2...cn
=
2⋃
j=1
∆3
′
c1c2...cnj
.
Let us prove that a cylinder ∆3
′
c1c2...cn
is a segment.
Suppose that x ∈ ∆3
′
c1c2...cn
. That is,
x =
n∑
j=1
cj
3j
+
1
3n
∞∑
l=1
βn+l
3l
, βn+l ∈ {0, 1, 2}.
Whence
x
′
=
n∑
j=1
cj
3j
≤ x ≤
n∑
j=1
cj
3j
+
1
3n
= x
′′
.
So x ∈
[
x
′
, x
′′
]
⊇ ∆3
′
c1c2...cn
. Since
x
′
=
n∑
j=1
cj
3j
+
1
3n
inf
∞∑
l=1
βn+l
3l
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and
x
′′
=
n∑
j=1
cj
3j
+
1
3n
sup
∞∑
l=1
βn+l
3l
,
we obtain x, x
′
, x
′′
∈ ∆3
′
c1c2...cn
.
Now let us prove that the 5th property is true. Consider the differences:
inf ∆3
′
c1c2...cn−12
− sup∆3
′
c1c2...cn−11
= ∆3
′
c1c2...cn−12(0)
−∆3
′
c1c2...cn−11(2)
= 0,
inf ∆3
′
c1c2...cn−11
− sup∆3
′
c1c2...cn−10
= ∆3
′
c1c2...cn−11(0)
−∆3
′
c1c2...cn−10(2)
= 0.

Lemma 3. The map f does not preserve a distance between points.
Proof. Let us find points x1, x2 ∈ [0, 1] such that |f(x2)−f(x1)| 6= |x2−x1|. The statement follows
from the existence of jump discontinuities of f . Really, for example, suppose that x1 = ∆
3
1(0) and
x2 = ∆
3
11(0). Then
|f(x2)− f(x1)| =
∣∣∆322(0) −∆32(0)∣∣ = 29 6= |x2 − x1| = 19 .
In the next section, this statement for a general case of the pseudo-binary representation will
be proved in detail. 
Theorem 2. The map
f : ∆3α1α2...αn... → ∆
3
θ(α1)θ(α2)...θ(αn)...
preserves the Lebesgue measure of an arbitrary interval (segment).
Proof. Let a segment [a
′
, a
′′
] ⊂ [0, 1] be a certain cylinder ∆3b1b2...bn. Then from Lemma 2 it follow
that the Lebesgue measure of the image and the preimage are equal:∣∣∆3b1b2...bn∣∣ = ∣∣∣∆3′c1c2...cn∣∣∣ = 13n .
Let [a
′
, a
′′
] ⊂ [0, 1] be a segment that are not a certain cylinder ∆3b1b2...bn. Then there exists
ε-covering of this segment by cylinders ∆3b1b2...bk of rank k such that
[a
′
, a
′′
] ⊆
⋃
k
∆3b1b2...bk
and
lim
k→∞
λ
(⋃
k
∆3b1b2...bk
)
= λ
(
[a
′
, a
′′
]
)
.
Also, there exists ε-covering of this segment by cylinders ∆3b1b2...bm of rank m such that
[a
′
, a
′′
] ⊇
⋃
m
∆3b1b2...bm
and
lim
m→∞
λ
(⋃
m
∆3b1b2...bm
)
= λ
(
[a
′
, a
′′
]
)
.
Here λ(·) is the Lebesgue measure of a set and ε is an arbitrary small positive number. That is,
λ
(⋃
m
∆3b1b2...bm
)
+ ε ≤ λ
(
[a
′
, a
′′
]
)
≤ λ
(⋃
k
∆3b1b2...bk
)
− ε.
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However,
λ
(⋃
k
∆3b1b2...bk
)
=
∑
k
λ
(
∆3b1b2...bk
)
, λ
(⋃
m
∆3b1b2...bm
)
=
∑
m
λ
(
∆3b1b2...bm
)
.
We have
lim
m→∞
∑
m
λ
(
∆3b1b2...bm
)
= λ
(
[a
′
, a
′′
]
)
= lim
k→∞
∑
k
λ
(
∆3b1b2...bk
)
.
Since the from Lemma 2 if follows that the condition
λ
(
∆3b1b2...bn
)
= λ
(
f
(
∆3b1b2...bn
))
holds for any n ∈ N, we get
λ
(
[a
′
, a
′′
]
)
= lim
m→∞
∑
m
λ
(
f
(
∆3b1b2...bm
))
= lim
k→∞
∑
k
λ
(
f
(
∆3b1b2...bk
))
= λ
(
f
(
[a
′
, a
′′
]
))
.

For example, let us consider the image of the segment
[
2
27
, 4
27
]
under the map f . Since[
2
27
,
4
27
]
= ∆3002 ∪∆
3
010 =
[
∆3002(0),∆
3
002(2)
]
∪
[
∆3010(0),∆
3
010(2)
]
,
we obtain
f
(
∆3002 ∪∆
3
010
)
= ∆3
′
001 ∪∆
3
′
020.
But
2
27
= ∆3002(0) = ∆
3
001(2), ∆
3
001(2) /∈ ∆
3
002
and
4
27
= ∆3010(2) = ∆
3
011(0), ∆
3
011(0) /∈ ∆
3
010.
So,
f
([
2
27
,
4
27
])
= ∆3
′
001 ∪∆
3
′
020 ∪ {∆
3
′
022(0),∆
3
′
002(1)}.
4. The pseudo-binary representations
Note that the case when s = 2 for the pseudo-s-adic representation is interesting for con-
sideration since this representation (the pseudo-binary representation) can be used in computer
science by analogy with the classical binary representation. It can be useful for coding information,
protection of information, providing computer protection, etc. Certain theoretic aspects of such
applications will be discussed in the further papers of the author of the present article.
Let us remark that in our case there exist only two one-digit converters (operators), i.e.,
θ1,0(αn) = θ0(αn) =
{
0 if αn = 0
1 if αn = 1
and
θ1,1(αn) = θ1(αn) =
{
1 if αn = 0
0 if αn = 1.
In other words, θ0(αn) = αn and θ1(αn) = 1− αn.
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Let (kn) be a fixed sequence of positive integers. Then we obtain the matrix
Θ2,(kn) =


θk1,0 θk1,1 . . . θk1,i . . . . . . θk1,(2k1 )!−1
θk2,0 θk2,1 . . . θk2,i . . . . . . . . . θk2,(2k2 )!−1
...
...
. . .
... . . . . . . . . . . . . . . .
θkn,0 θkn,1 . . . θkn,i . . . θkn,(2kn )!−1
. . . . . . . . . . . . . . . . . . . . . . . . . . .

 . (9)
Here for a fixed number kn there exist (2
kn)! kn-digit converters (operators) and i = 0, (skn)!− 1.
In this matrix, a number of rows is equal to infinity and a number of elements in the nth row
equals (2kn)!.
Let us choose elements θkn,in and generate a sequence (θkn,in). Let us investigate the represen-
tation of real numbers from [0, 1] that is related with the binary representation by the following
rule:
y = ∆
(2,(θkn,in ))
β1β2...βn...
≡ ∆2θk1,i1 (α1,α2,...,αk1)...θkn,in (αk1+...+kn−1+1,...,αk1+...+kn)...
≡
∞∑
j=1
βj
2j
, (10)
where
(β1, β2, . . . , βk1) = θk1,i1 (α1, α2, . . . , αk1) ,
(βk1+1, βk1+2, . . . , βk1+k2) = θk2,i2 (αk1+1, αk1+2, . . . , αk1+k2) ,
. . . . . . . . . . . . . . . . . . . . .(
βk1+···+kn−1+1, . . . , βk1+···+kn−1+kn
)
= θkn,in
(
αk1+···+kn−1+1, . . . , αk1+···+kn−1+kn
)
,
. . . . . . . . . . . . . . . . . . . . .
That is, for any [0, 1] ∋ x = ∆2α1α2...αn... the relationship between the binary and pseudo-binary
representations is following:
f2′ : x = ∆
2
α1α2...αn...
→ ∆
(2,(θkn,in ))
β1β2...βn...
= f2′ (x) = y. (11)
Note that the condition
θkn,in ◦ θkn,in ◦ . . . ◦ θkn,in︸ ︷︷ ︸
t
(αk1+···+kn−1+1, . . . , αk1+···+kn) = (αk1+···+kn−1+1, . . . , αk1+···+kn)
holds for 1 ≤ t ≤ 2kn. It depends on the definition of θkn,in. Here kn, in are fixed numbers.
Theorem 3. Any number x ∈ [0, 1] can be represented by form (10).
Proof. Suppose that (θkn,in) is a fixed sequence of operators (converters) from matrix (9). Here
θkn,0(αk1+···+kn−1+1, . . . , αk1+···+kn) = (αk1+···+kn−1+1, . . . , αk1+···+kn)
and
θkn,(2kn )!−1(αk1+···+kn−1+1, . . . , αk1+···+kn) = (1− αk1+···+kn−1+1, . . . , 1− αk1+···+kn),
where kn−1 = 0 for n = 1.
A value of any operator θkn,in , n = 1, 2, . . . , is defined by the table
αk1+···+kn−1+1 . . . αk1+···+kn βk1+···+kn−1+1 . . . βk1+···+kn
00 . . . 00︸ ︷︷ ︸
kn
θkn,in(00 . . . 00︸ ︷︷ ︸
kn
)
00 . . . 01︸ ︷︷ ︸
kn
θkn,in(00 . . . 01︸ ︷︷ ︸
kn
)
. . . . . .
11 . . . 11︸ ︷︷ ︸
kn
θkn,in(11 . . . 11︸ ︷︷ ︸
kn
)
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Let us consider map (11).
A number x ∈ [0, 1] of the form
x = ∆2α1α2...αn−1αn(0) = ∆
2
α1α2...αn−1[αn−1](1)
is called binary rational. The other numbers have the unique binary representation and are called
binary irrational. Also, numbers of the form
∆
(2,(θkn,in ))
β1β2...βn−1βn(0)
= ∆
(2,(θkn,in ))
β1β2...βn−1[βn−1](1)
are called pseudo-binary rational. The other numbers are called pseudo-binary irrational.
If a number x0 is binary rational, then for x0 = x1 = ∆
2
α1...αm(0)
there exists a number t such
that
f2′ (x1) = f2′
(
∆2α1...αm(0)
)
= ∆2
θk1,i1 (α1,...,αk1)...θkt−1,it−1 (αk1+...+kt−2+1,...,αk1+...+kt−1)θkt,it (αk1+...+kt−1+1, ..., αm, 0, ..., 0︸ ︷︷ ︸
kt
)θkt+1,it+1(0, ..., 0︸ ︷︷ ︸
kt+1
)...
= y1. Clearly, the last-mentioned number can be a pseudo-binary irrational number and is a
pseudo-binary rational number whenever there exists n0 such that for all l ≥ n0 the following
condition holds:
θkt+l,it+l(0, 0, . . . , 0, 0︸ ︷︷ ︸
kt+l
) = (0, 0, . . . , 0, 0︸ ︷︷ ︸
kt+l
) (12)
or
θkt+l,it+l(0, 0, . . . , 0, 0︸ ︷︷ ︸
kt+l
) = (1, 1, . . . , 1, 1︸ ︷︷ ︸
kt+l
). (13)
By analogy, we get
f2′ (x2) = f2′
(
∆2α1...αm−1[αm−1](1)
)
= ∆2
θk1,i1(α1,...,αk1)...θkt−1,it−1 (αk1+...+kt−2+1,...,αω)θkt,it (αω+1, ..., αm−1, αm − 1, 1, ..., 1︸ ︷︷ ︸
kt
)θkt+1,it+1 (1, ..., 1︸ ︷︷ ︸
kt+1
)...
= y2, where ω = k1 + · · · + kt−1. Whence y2 is a pseudo-binary rational number whenever there
exists n0 such that for all l ≥ n0 one of conditions (12), (13) is true.
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Note that y1 = y2 whenever for all j ∈ N






θkt,it(αk1+...+kt−1+1, . . . , αm, 0, . . . , 0︸ ︷︷ ︸
kt
) = (βk1+...+kt−1+1, . . . , βm, . . . , βk1+...+kt)
θkt+j ,it+j(0, . . . , 0︸ ︷︷ ︸
kt+j
) = (0, . . . , 0︸ ︷︷ ︸
kt+j
)
θkt,it(αk1+...+kt−1+1, . . . , αm−1, αm − 1, 1, ..., 1︸ ︷︷ ︸
kt
) = (βk1+...+kt−1+1, . . . , βk1+...+kt−1, βk1+...+kt − 1)
θkt+j ,it+j(1, . . . , 1︸ ︷︷ ︸
kt+j
) = (1, . . . , 1︸ ︷︷ ︸
kt+j
)


θkt,it(αk1+...+kt−1+1, . . . , αm, 0, . . . , 0︸ ︷︷ ︸
kt
) = (βk1+...+kt−1+1, . . . , βk1+...+kt−1, βk1+...+kt − 1)
θkt+j ,it+j(0, . . . , 0︸ ︷︷ ︸
kt+j
) = (1, . . . , 1︸ ︷︷ ︸
kt+j
)
θkt,it(αk1+...+kt−1+1, . . . , αm−1, αm − 1, 1, ..., 1︸ ︷︷ ︸
kt
) = (βk1+...+kt−1+1, . . . , βm, . . . , βk1+...+kt)
θkt+j ,it+j(1, . . . , 1︸ ︷︷ ︸
kt+j
) = (0, . . . , 0︸ ︷︷ ︸
kt+j
)




θkt+n0 ,it+n0 (0, . . . , 0︸ ︷︷ ︸
kt+n0
) = (βk1+...+kt+n0−1+1, . . . , βk1+···+kt+n0 )
θkt+l,it+l(0, . . . , 0︸ ︷︷ ︸
kt+l
) = (0, . . . , 0︸ ︷︷ ︸
kt+l
) for all l > n0
θkt+n0 ,it+n0 (1, . . . , 1︸ ︷︷ ︸
kt+n0
) = (βk1+...+kt+n0−1+1, . . . , βk1+···+kt+n0−1, βk1+···+kt+n0 − 1)
θkt+l,it+l(1, . . . , 1︸ ︷︷ ︸
kt+l
) = (1, . . . , 1︸ ︷︷ ︸
kt+l
) for all l > n0


θkt+n0 ,it+n0 (0, . . . , 0︸ ︷︷ ︸
kt+n0
) = (βk1+...+kt+n0−1+1, . . . , βk1+···+kt+n0−1, βk1+···+kt+n0 − 1)
θkt+l,it+l(0, . . . , 0︸ ︷︷ ︸
kt+l
) = (1, . . . , 1︸ ︷︷ ︸
kt+l
) for all l > n0
θkt+n0 ,it+n0 (1, . . . , 1︸ ︷︷ ︸
kt+n0
) = (βk1+...+kt+n0−1+1, . . . , βk1+···+kt+n0 )
θkt+l,it+l(1, . . . , 1︸ ︷︷ ︸
kt+l
) = (0, . . . , 0︸ ︷︷ ︸
kt+l
) for all l > n0.
Here j = 1, 2, . . . , and n0 is a some fixed number.
If x0 = ∆
2
α1α2...αn...
is a binary-irrational number, then y0 = f2′ (x0) = ∆
(2,(θkn,in ))
β1β2...βn...
can be
pseudo-binary rational (whenever its representation contains a period (0) or (1)) or pseudo-binary
irrational. It depends on a sequence (θkn,in).
In the general case, let us choose any x
′
, x
′′
∈ [0, 1].
If x
′
6= x
′′
, then:
• y
′
= f2′ (x
′
) = f2′ (x
′′
) = y
′′
whenever only y
′
= y
′′
is pseudo-binary rational. The set of all
pseudo-binary rational numbers is a countable set;
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• in the other case, y
′
6= y
′′
when x
′
, x
′′
are binary irrational numbers and y
′
, y
′′
are pseudo-
binary irrational numbers or different pseudo-binary rational numbers.
If x
′
= x
′′
(the case when x
′
, x
′′
are binary rational), then f2′ (x
′
) = f2′ (x
′′
) or f2′ (x
′
) 6= f2′ (x
′′
)
by analogy.
Since
inf
x∈[0,1]
f2′ (x) = 0, sup
x∈[0,1]
f2′ (x) = 1,
and the sets of all binary rational and pseudo-binary rational numbers are countable sets, we
obtain that the set of all numbers having the unique pseudo-binary representation is a set of full
Lebesgue measure and the map f2′ determines a numeral system. 
Corollary 1. Any map f2′ is a bijective mapping on the set
[0, 1] \
(
SQ ∪ S
′
Q
)
,
where SQ is the set of all binary rational points and
S
′
Q ≡ {x : f2′ (x)is pseudo-binary rational} .
Corollary 2. The set {
x : x = f−1
2′
(y)
}
is an one- or two-element set for any y ∈ [0, 1].
Lemma 4. A map f2′ is continuous at binary irrational points.
According to a sequence (θkn,in), a certain binary rational point is a point of discontinuity of f2′
or f2′ is continuous at this point.
Proof. Let x0 be a binary irrational number. Then there exists positive integer n0 such that the
following system of conditions holds for x0 = ∆
2
α1α2...αn...
and x = ∆2γ1γ2...γn...:{
αr = γr for r = 1, n0 − 1
αn0 6= γn0 .
From this system, it follows that the conditions n0 →∞ and x→ x0 are equivalent. In addition,
for
f2′ (x0) = f2′
(
∆2α1α2...αn...
)
= ∆
(2,(θkn,in ))
β1β2...βn...
and
f2′ (x) = f2′
(
∆2γ1γ2...γn...
)
= ∆
(2,(θkn,in))
δ1δ2...δn...
,
we get
|f2′ (x)− f2′ (x0)| =
∣∣∣∣∣
∞∑
n=1
δn − βn
2n
∣∣∣∣∣ ≤
∞∑
l=m0
|δl − βl|
2l
≤
∞∑
l=m0
1
2l
=
1
2m0−1
→ 0 as m0 →∞.
Here m0 is a number such that δj(x) = βj(x0) for all j = 1, m0 − 1.
So f2′ is continuous at binary irrational points.
In the case when x0 is binary rational, i.e.,
x0 = ∆
2
α1...αm(0)
= ∆2α1...αm−1[αm−1](1),
it is clear that
lim
x→x0−0
f2′ (x) = f2′
(
∆2α1...αm−1[αm−1](1)
)
and
lim
x→x0+0
f2′ (x) = f2′
(
∆2α1...αm−1αm(0)
)
.
Then:
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• if limx→x0−0 f2′ (x) 6= limx→x0+0 f2′ (x), then x0 is a point of discontinuity;
• if limx→x0−0 f2′ (x) = limx→x0+0 f2′ (x), then f2′ is continuous at x0.

Definition 3. A set of the form
∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn
≡
{
z : z = ∆
(2,(θkn,in ))
c1c2...ck1+k2+...+knβk1+k2+...+kn+1...βk1+k2+...+kn+l...
}
,
where c1, . . . , ck1+k2+...+kn is a fixed tuple of the binary digits, l = 1, 2, . . . , and βk1+...+kn+l ∈ {0, 1}
such that(
βk1+k2+...+kn+l−1+1, . . . , βk1+k2+...+kn+l
)
= θkn+l,in+l
(
αk1+k2+...+kn+l−1+1, . . . , αk1+k2+...+kn+l
)
,
is called a pseudo-binary cylinder of rank k1 + k2 + · · ·+ kn with base c1c2...ck1+k2+...+kn.
Remark 4. The following considerations are useful for proving the next lemma on properties of
pseudo-binary cylinders.
Let us have a binary cylinder ∆2b1b2...bk1+...+kn
of rank k1+ · · ·+kn with base b1b2...bk1+...+kn. Here
b1, b2, . . . , bk1+...+kn is a fixed tuple of the binary digits. That is,
∆2b1b2...bk1+...+kn
≡
{
x : x = ∆2b1b2...bk1+...+knαk1+...+kn+1αk1+...+kn+2...
}
,
where αj ∈ {0, 1} for all N ∋ j > k1 + k2 + · · ·+ kn. Whence
∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn
= f2′
(
∆2b1b2...bk1+...+kn
)
= ∆2θk1,i1(b1,...,bk1)θk2,i2 (bk1+1,...,bk1+k2 )...θkn,in (bk1+...+kn−1+1,...,bk1+...+kn)
,
where (ck1+···+kj−1+1, . . . , ck1+...+kj) = θkj ,ij (bk1+...+kj−1+1, . . . , bk1+...+kj) for all j = 1, n.
Since for any ∆2b1b2...bn the condition
λ
(
∆2b1b2...bn
)
=
1
2n
holds (a cylinder ∆2b1b2...bn is a closed interval, the Lebesgue measure λ
(
∆2b1b2...bn
)
of ∆2b1b2...bn and
the diameter
∣∣∆2b1b2...bn∣∣ = sup∆2b1b2...bn − inf ∆2b1b2...bn are equal), we obtain
λ
(
∆
(2,(θkn,in))
c1c2...ck1+k2+...+kn
)
=
∣∣∣∣∆(2,(θkn,in))c1c2...ck1+k2+...+kn
∣∣∣∣
= sup∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn
− inf ∆
(2,(θkn,in))
c1c2...ck1+k2+...+kn
= ∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn(1)
−∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn(0)
=
1
2k1+k2+···+kn
.
So,
λ
(
∆2b1b2...bk1+...+kn
)
= λ
(
∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn
)
.
Also, note that for any x ∈ ∆2b1b2...bk1+...+kn
f2′ (x) ∈ f2′
(
∆2b1b2...bk1+...+kn
)
= ∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn
,
and
inf ∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn
≤ f2′ (x) ≤ sup∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn
.
In addition, if x is the endpoint of ∆2b1b2...bk1+...+kn
, then
v =
∣∣∣∣ limx→x0+0 f2′ (x)− limx→x0−0 f2′ (x)
∣∣∣∣ < 12k1+k2+···+kn−1 .
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This condition follows from the definition of f2′ , the last-mentioned properties of this map, and
properties of cylinders.
Lemma 5. Cylinders ∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn
have the following properties:
(1) A cylinder ∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn
is a closed interval and
∆
(2,(θkn,in))
c1c2...ck1+k2+...+kn
=
[
∆
(2,(θkn,in))
c1c2...ck1+k2+...+kn(0)
,∆
(2,(θkn,in))
c1c2...ck1+k2+...+kn(1)
]
.
(2)
λ
(
∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn
)
=
1
2k1+k2+···+kn
.
(3)
∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn+kn+1
⊂ ∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn
.
(4)
x =
∞⋂
n=1
∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn
.
(5) Cylinders ∆
(2,(θkn,in))
c1c2...ck1+k2+...+kn
situated by the rule:
f2′ :


(0, 0, . . . , 0, 0︸ ︷︷ ︸
kn
)→ θkn,in(0, 0, . . . , 0, 0︸ ︷︷ ︸
kn
)
(0, 0, . . . , 0, 1︸ ︷︷ ︸
kn
)→ θkn,in(0, 0, . . . , 0, 1︸ ︷︷ ︸
kn
)
. . . . . . . . .
(1, 1, . . . , 1, 1︸ ︷︷ ︸
kn
)→ θkn,in(1, 1, . . . , 1, 1︸ ︷︷ ︸
kn
)
Proof. Suppose x ∈ ∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn
. Then
x
′
= ∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn(0)
≤ x ≤ ∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn(1)
= x
′′
.
Hence x ∈ [x
′
, x
′′
] and ∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn
⊆ [x
′
, x
′′
]. Since
∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn(0)
=
k1+···+kn∑
j=1
cj
2j
+
1
2k1+k2+···+kn
inf
∞∑
t=k1+...+kn+1
βt
2t
and
∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn(1)
=
k1+···+kn∑
j=1
cj
2j
+
1
2k1+k2+···+kn
sup
∞∑
t=k1+...+kn+1
βt
2t
,
we obtain that x, x
′
, x
′′
∈ ∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn
. So a cylinder ∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn
is a closed interval.
The second property follows from the last property and remark.
Let us prove the third property. Let m be an arbitrary fixed positive integer. Let us show that
the system of conditions
 inf ∆
(2,(θkn,in))
c1c2...ck1+k2+...+km+k
≥ inf ∆
(2,(θkn,in ))
c1c2...ck1+k2+...+km
sup∆
(2,(θkn,in))
c1c2...ck1+k2+...+km+k
≤ sup∆
(2,(θkn,in))
c1c2...ck1+k2+...+km
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is true. Let us consider the difference
inf ∆
(2,(θkn,in ))
c1c2...ck1+k2+...+km+k
− inf ∆
(2,(θkn,in))
c1c2...ck1+k2+...+km
= ∆
(2,(θkn,in ))
c1c2...ck1+k2+...+km+k(0)
−∆
(2,(θkn,in ))
c1c2...ck1+k2+...+km(0)
≥ 0
and
sup∆
(2,(θkn,in ))
c1c2...ck1+k2+...+km
−sup∆
(2,(θkn,in ))
c1c2...ck1+k2+...+km+k
= ∆
(2,(θkn,in))
c1c2...ck1+k2+...+km(1)
−∆
(2,(θkn,in ))
c1c2...ck1+k2+...+km+k(1)
≥ 0.
The 4th property. From the last-mentioned proved properties it follows that
∆
(2,(θkn,in ))
c1c2...ck1
⊂ ∆
(2,(θkn,in ))
c1c2...ck1+k2
⊂ . . . ⊂ ∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn
⊂ . . . .
From Cantor’s intersection theorem it follows that
∞⋂
n=1
∆
(2,(θkn,in))
c1c2...ck1+k2+...+kn
= x = ∆
(2,(θkn,in))
c1c2...cn... .
The 5th property follows from the definition of f2′ . 
Remark 5. As for the last-mentioned property property, let us remark that properties of the
pseudo-s-adic numeral system can be describe in terms of the s-adic numeral system or in terms of
such modified numeral systems. Formulations of certain properties depend on such consideration.
In particular, these properties are representations of numbers having two different representations
and situating cylinders of rank n. We can see these properties by the definition of the relationship
between the s-adic and pseudo-s-adic representation. Now we give example for the case of the
nega-binary representation. Also, note that in this article properties of the modified s-adic repre-
sentations are more investigated in terms of the s-adic (the binary or ternary) representations.
Example 6. The nega-binary representation is a representation of the form[
−
2
3
,
1
3
]
∋ x = ∆−2β1β2...βn... ≡ −
β1
2
+
β2
22
−
β3
23
+ · · ·+
βn
(−2)n
+ . . . , βn ∈ {0, 1}.
However,
∆−2β1β2...βn... +∆
2
(10) = ∆
2
[1−β1]β2...[1−β2n−1]β2n... ≡ ∆
2
α1α2...αn...
∈ [0, 1].
In terms of the binary representation,
x1 = ∆
2
α1α2...αn−1αn(0) = ∆
2
α1α2...αn−1[αn−1](1) = x2,
where αn 6= 0 and αn = 1 (since αn ∈ {0, 1}). But in terms of the nega-binary representation
βn =
{
1− αn if n is odd
αn, if n is even.
Whence
∆−2
β1β2...βn−1βn(10)
= ∆−2
β1β2...βn−1[1−βn](01)
, βn = 1.
Similarly, cylinders∆2b1b2...bn are left-to-right situated for any n ∈ N. But cylinders∆
−2
[1−b1]b2...[1−b2n−1]b2n
are left-to-right situated and cylinders ∆−2[1−b1]b2...[1−b2n−1] are right-to-left situated.
In addition, the map f2′ can be defined by the following table
α2m+1α2(m+1) 00 01 10 11
β2m+1β2(m+1) 10 11 00 01
Theorem 4. A map f2′ has the following properties (characteristics):
• Suppose [a, b] is a closed interval. Then the set f2′ ([a, b]) is a closed interval or a union of
closed intervals with a finite set of isolated points, or a union of closed intervals.
• A map f2′ preserves the Lebesgue measure of intervals.
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• A map f2′ , except for the cases when f2′ (x) = x or f2′ (x) = 1 − x, does not preserve
distance between points on [0, 1].
Proof. Let [a, b] be a certain closed interval. Then from the last lemma it follows that f2′ ([a, b])
is a closed interval whenever [a, b] is a certain binary cylinder ∆2b1b2...bk1+...+kn
.
Let us consider the case when [a, b] is not a binary cylinder. Then there exist coverings [a, b] by
binary cylinders ∆2b1b2...bk1+...+kl
, ∆2b1b2...bk1+...+km
such that
[a, b] ⊆
⋃
l
∆2b1b2...bk1+...+kl
,
[a, b] ⊇
⋃
m
∆2b1b2...bk1+...+km
,
and
lim
l→∞
(⋃
l
∆2b1b2...bk1+...+kl
)
= lim
m→∞
(⋃
m
∆2b1b2...bk1+...+km
)
= λ ([a, b]) .
Since f2′
(
∆2b1b2...bk1+...+kn
)
is a closed interval, λ
(
f2′
(
∆2b1b2...bk1+...+kn
))
= λ
(
∆2b1b2...bk1+...+kn
)
,
and an arbitrary binary rational point can be a jump discontinuity of f2′ , we obtain that the first
and the second properties are true.
To prove the third property, let us consider mapping two adjacent cylinders of rank k1 + k2 +
· · ·+kn under the action of f2′ . If such two adjacent cylinders map to non-adjacent cylinders under
f2′ , then one can assume that a distance between points of these cylinders is not preserved under
the map f2′ .
It is easy to see that all pairwise adjacent cylinders are pairwise adjacent under f2′ whenever
(θkn,in) = const = θkn,0 or (θkn,in) = const = θkn,(2kn )!−1. That is, when f2′ (x) = x or f2′ (x) = 1−x.
In the other case, there exist at least one pair of adjacent cylinders such that their images under
f2′ are not adjacent cylinders. That is, from the existence of jump discontinuities of f2′ it follows
that our statement is true. 
The next lemma follow from the definition of f2′ , the existence of jump discontinuities of f2′ ,
and from the placement of adjacent cylinders of the same rank.
Lemma 6. A map f2′ :
• is strictly monotonic whenever f2′ = x or f2′ = 1−x; that is, when for all positive integers
n the following conditions hold: θkn,in = const and θkn,in = θkn,0 or θkn,in = θkn,(2kn )!−1.
• has intervals of the monotonicity whenever almost all elements of (θkn,in) are equal only
θkn,0 or θkn,(2kn )!−1.
• is not monotonic in another case.
5. Certain peculiarities of f2′
Suppose η is a random variable defined by the following form
η = ∆
(2,(θkn,in ))
ξ1ξ2...ξn...
,
where digits ξn are random and taking the values 0, 1 with probabilities p0, p1. Here p0 + p1 = 1.
That is, ξn are independent, and P{ξn = in} = pin, where in ∈ {0, 1}. Then the distribution
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function Fη of the random variable η has the form
Fη(x) =


0 if x < 0
aβ1(x) +
∞∑
n=2
(
aβn(x)
n−1∏
j=1
pβj(x)
)
if 0 ≤ x < 1
1 if x ≥ 1,
where x = ∆
(2,(θkn,in ))
β1β2...βn...
. It follows from the equality Fη = P{η < x}.
Note that one can consider the case when P{ξn = in} = pin,n, where for any n ∈ N p0,n+p1,n = 1.
Then
Fη(x) =


0 if x < 0
aβ1(x),1 +
∞∑
n=2
(
aβn(x),n
n−1∏
j=1
pβj(x),j
)
if 0 ≤ x < 1
1 if x ≥ 1.
Note also that a function of the form
fD(x) = aβ1(x) +
∞∑
n=2
(
aβn(x)
n−1∏
j=1
pβj(x)
)
,
where x = ∆2α1α2...αn... and
(βk1+...+kn−1+1, . . . , βk1+···+kn) = θkn,in(αk1+...+kn−1+1, . . . , αk1+...+kn),
n = 1, 2, . . . , and k0 = 0, is a generalization of the Salem ([8]) function. In addition,
fD = Fη ◦ f2′ .
One of the next papers of the author of the present article will be devoted to the investigation
of Fη, fD, f2′ , and of their generalizations.
Hypothesis 2. The function Fη is singular.
Now let us consider integral properties of f2′ .
For the well-posedness of f2′ , we shall not consider the binary representation, which has the
period (1) (without the case of the representation of the number 1).
Theorem 5. The Lebesgue integral of the function f2′ is equal to
1
2
.
Proof. Since 0 ≤ f2′ (x) ≤ 1, we choose
En = {x : yn−1 ≤ f2′ (x) < yn} = ∆
2
b1b2...bk1+k2+...+kn
,
where
λ(En) =
1
2k1+k2+···+kn
and
T = {0,∆
(2,(θkn,in ))
c1c2...ck1(0)
,∆
(2,(θkn,in ))
c1c2...ck1+k2(0)
, . . . }.
Clearly, yn ≡ yn−1 ∈ [yn−1, yn) and the conditions λ(En)→ 0 and n→∞ are equivalent. Then
I = lim
n→∞

 ∑
all c∈{0,1}
∆
(2,(θkn,in ))
c1c2...ck1+k2+...+kn(0)
2k1+...+kn

 = lim
n→∞
2k1+...+kn − 1
2 · 2k1+...+kn
=
1
2
.

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